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Objective
● To characterize the class of bipartite quantum states of  

dimensions           that have non-negative quantum 
conditional entropy (QCE).

● To design a witness for states with negative QCE.
● To give an upper bound to the QCE of an unknown state.

Background
● Quantum conditional entropy (QCE) is a property of bipartite 

quantum states. It is defined as the difference between the 
von Neumann entropy of the whole system and the von 
Neumann entropy of a subsystem:

● States with negative QCE are useful for several information 
theoretic tasks (see Applications).

● Hence, there is a need to classify states to understand 
whether they are useful for the tasks, and the extent to 
which they are, i.e. a resource theory is essential.

● A witness for negative QCE  is an operator whose 
expectation value is non-negative in all states with 
non-negative QCE, and negative in atleast one state with 
negative QCE.

● Witnesses are useful in laboratory experiments in the 
detection of resource (here, negative QCE)

Methods
● We use results from Functional Analysis: the Heine-Borel 

theorem and the Hahn-Banach theorem to characterize the 
class of states with non-negative QCE and to prove the 
existence of a witness. 

● To construct the witness, we use a geometric derivation as 
well as a result from quantum information - the monotonicity 
of relative entropy:
   

Results
● The class of states with non-negative QCE is convex and 

compact.
● An analytical witness for the class detecting a state 

is:

● The expectation value of the above witness in a state serves 
as an upper bound to the QCE of the state.

● A geometric witness for the class is:

where       is the state that is separated and        is the state 
     within the class that is closest to      . 

Applications
● Superdense coding is the ability to communicate more 

information using a quantum system (provided some resource is 
shared beforehand) than via a classical system of the same 
dimensions. For example, using a single qubit to send 2 classical 
bits worth of information. States with negative QCE are useful for 
superdense coding. 

● Quantum state merging is the complete transfer of a shared 
state between two parties to one party. If the two parties share a 
state with negative QCE, then not only does the process of state 
merging become trivial, but there is also leftover entanglement 
shared between the two parties that can be used as a resource 
for further transfer of quantum states. 

● Reduction in Measurement Uncertainty: Consider the 
following experiment:
○ Alice and Bob agree on two measurements X and Y.
○ Bob prepares a state and sends it to Alice who randomly 

measures X or Y and reveals the measurement and outcome.
○ Bob’s aim is to prepare the initial state such that he reduces 

the uncertainty about the outcome revealed by Alice. This is 
bounded by the inequality:                                       

○ If Bob has access to quantum memory, he can send Alice a 
state that is correlated with his memory. Then the new 
inequality is:

○ Therefore, if a state with negative CVE is shared, it beats the 
original uncertainty bound. 
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